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Regular Languages

+ The empty set and {a} for all a in =¢ are regular languages

- If Ly, L,, and L are regular languages, then so are
LyLy ={aylz € Ly and y € Lo}  (concatenation)

LiULy={z|zr € Ly or z € Ly}  (union)
L* = U2, (Kleene closure)

+ There are no other regular languages
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Correspondence Theorem
(Kleene)

Every regular language L is accepted by some FSM M(L)

{a} O—a'© Ll U LQ C<:
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Types of FSMs

+ - Deterministic
+ - ¢-free

+ - Minimal

+ - Complete

. can all characterize any
regular language
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Determinizing

- Nondeterministic :QxX—2Q

+ Deterministic .
[ G = 5 QxS —>Q

Q=20

Complete vs. Pruned

= Q</: Dead
r (failure)

Search time is linear for a deterministic, but

A State is final if any member of exponential for a nondeterministic FSM

the set is final
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state

Pruned:
Smaller
8 is a partial function.
No dead states
Lookup is faster

Follow a dashed line iff there is

no solid one for the current
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Minimization

Minimal machine is unique (up to
renaming of states and arc

ordering) \@@

Minimized: No two states have )’@

congruent suffix graphs

Martin Kay FSM Mathematics

Proof Strategy for Language

Properties
To prove ¢(L, ... L,)

—Get machines M(L,), ... M(L,)
—Transform M(L,), ... M(L,)) = M

—Show L(M) = ¢(Ly, ... L)

L(M) is the language accepted by M

Compute with machine — They are finite!
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L1 N L2 is Regular

L —
a b
X
o @ @ 05
la 2

2b is final if 2 and b are final
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Intersection

1 a 2 a 3 4
b a

L is Regular
+ Get deterministic, complete M(L) = <=, Q, q, F, 8 >
cM=<2,Q,q, F, 3> where F'=Q-F
- L(M)=L?

Suppose x not in L
X takes M(L) into reQ-F.

“ X takes Mintor € F' If M(L) were not deterministic, a string x could
" X EL(M). take M(L) into r € F and s&F. It would
therefore take L(M) intor ¢ F ands € F'

Suppose x in L

x takes M(L) into r € Q.
.. X takes M into r € Q-F'
. X & L(M).
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+ Closure
—Intersection
—Union
—Complementation
—Concatenation
—TIteration
—Reversal

- Decidable Predicates
—Emptiness

—Equality
—Finiteness
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String Relations A Context-free Relation

n-way concatenation S - <s, & <(, ¢ > NP VP <), & >
X = <Xy, Xp ... X,>

Y=<y Yo o Ye?

—- < > < > < >
}XY=<X1y1’XZy2”.Xnyn> NP np, € (, € DET N ), €

VP — <vp, ¢ > <(, €¢ > VNP <), & >

DET — <det, the>
The n-way concatenation of two string-tuples is the tuple of strings formed by

string concatenation of the corresponding elements. N — <n, dog>

N — <n, cat>

V — <v, chased>

One can construct families of string relations that parallel the usual classes of
s (np ( det n ) vp ( A4 np ( det n )))
formal Inngunges the dog chased the cat
Regular Relations All Correspondences

- The empty set and {a} for all a in =¢ x=¢... are regular relations

- If Ry, R,, and R are regular n-relations, then so are . .
* Every n-way regular expression describes a regular n-

relation.

RiR; = {xy | x €Ryand y Rz} (concatenation) - Every regular n-relation is described by an n-way

regular expression.

R, UR; (union) * Every n-tape finite-state transducer accepts a regular
n-relation.
R* = U R (n-way Kleene closure) * Every regular n-relation is accepted by an n-tape

finite-state transducer.

+ There are no other regular relations
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Regular—

- If L, L,, and L are regular languages and R;, R,, and R are
regular relations, the following relations are regular:

R,UR,

RIRZ
R*
R ... and the following languages
R, ° R, Dom(R)
Id(L) E;:;ge(k)
Ly xL, R/L
Rev(R) x/R
R/x
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* Not Regular

'leRz
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Intersection is not Regular

VRYRVAY,
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R is not regular because ...

if it were, you could use it, together with union
to construct intersection!

ANB=AUB
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n-way Automata—Transducers

An n-way automaton is defined by a quintuple similar to

the ones that define ordinary finite-state machines
(2,Q,q, F,0)
where X is a finite alphabet
Q is a finite set of states
q € Q is the initial state
F C (@ is the set of final states
§ maps Q x ¢ x ...X¢ to 2@

From now on, we limit our

transducers

discussion to binary relations and

Union and Iteration
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Concatenation

R=RR
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Range and Domain

Dom(R) = R/=*
Range(R) = =*/R

Accepting FSMs derived from T(R) by replacing
all transition labels a:b by

a (domain) or
b (range)
= Regular languages.
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R'={<yxz>|<z,y>cR}

0y (p7 a, b) = 0p—1 (p7 b, a)
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Id(L)

Id(l) ={< z, x> |r € L})
0ra(rya,a) = dr(r,a)

(SId(’V’, a,b) = FAILl a 75 b
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Extending &

Parallel extensions for

To state sets transducers

ForallPCQandaEx®
d(P,a)= Ud(p,a)
PEP

To strings Forallr €0, 8" (r.€) = 8(r.)
For all u €" and a €5°
éi(r,ua) = 5((3%(/',14),01)

d*(q,x)NF

The machine accepts a string x just in case
F is not empty.
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Cartesian Product

LixL,={<x,y>lx€L &yEL,}
Let

T=(Z2,0%x0,,<q,q, >F x Fg.é)

where 8(< 51,5y >.a.b) = 8(s;,a) x (s,.b)

Claim: T accepts L, x L,
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N.B.LxL= ID(L)




T accepts L; x L,

Proof:

by induction.

8*(<qy.qy >x.y) = 8 (q1.%) x 85(q5.)

Thus, T enters a final state on <x,y> iff M(L,) enters a
final state on x and M(L,) enters a final state on y.
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R o R, ={<x,y>|forsomez,<x,z >ER & <2,y >ERy)}

T=(2,0x0.<q.9, > F xF.,0)

8(< 51,8, >,a,b) ={<1t1,t2 > | for some c EX*,
t, €0(sy,a,c) and t, €6(s,,c,b)
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Images

XRy < <x,y>ER
x/R={y | <xy>€R}
R/y = {x | «<x,y> €R}

X/R= Ux/R
xEX

R/intractable = {intractable, iNtractable}
iNtractable/R = {intractable}
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Images are Regular

L/R =Range(Id(L)))/ R
= Range(Id(L) o R)
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Martin Kay

Rev(R)
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Pumping Lemma

It is possible to delete a part of any sufficiently long substring
of a regular language and leave a string the is a member of
the language
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