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Some basic definitions

■ An alphabet Σ is a finite set of symbols

■ A string over Σ is a sequence of symbols from Σ
■ ε stands for the empty string

■ The length |w| is the number of symbols in w

■ Σ* denotes this set of all strings over Σ

■ A (formal) language is a subset of Σ* for some 
alphabet Σ
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Deterministic Finite Automata

■ M = ⟨K, Σ, δ, s, F⟩
■ K$ is a finite set of states
■ Σ $ is an input alphabet
■ δ$ is a transition function
■ s$ ∈ K is the start state
■ F$ ⊆ K is the set of final (accepting) states

■ Transition function
■ δ(q, a) = q’
■ when M is in state q and reads input a, it goes into state q’
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on the unbounded one. 
Even if one thinks, as we do, that the correct way to model computers and 

algorithms is in terms of an unbounded memory capacity, we should first be 
sure that the theory of finite automata is well understood. It turns out that 
their theory is rich and elegant, and when we understand it we shall be in a 
better position to appreciate exactly what the addition of auxiliary memory 
accomplishes in the way of added computational power. 

A further reason for studying finite automata is their applicability to the 
design of several common types of computer algorithms and programs. For 
example, the lexical analysis phase of a compiler (in which program units such 
as 'begin' and '+' are identified) is often based on the simulation of a finite 
autotnaton. Also, the problem of finding an occurrence of a string within another 
--for example, whether any of the strings air, water, earth, and fire occur in the 
text of Elements of the Theory of Computation t- can also be solved efficiently 
by methods originating from the theory of finite automata. 

Input I tape a b I a I b I a I b I a I b 

'" Reading head 

'\ 
qo 

Finite 
q5 ql 

control q4 q2 
q3 

Figure 2-1 

Let us now describe the operation of a finite automaton in more detail. 
Strings are fed into the device by means of an input tape, which is divided into 
squares, with one symbol inscribed in each tape square (see Figure 2-1). The 
main part of the machine itself is a "black box" with innards that can be, at 
any specified moment, in one of a finite number of distinct internal states. This 
black box -called the finite control- can sense what symbol is written at any 
position on the input tape by means of a movable reading head. Initially, the 
reading head is placed at the leftmost square of the tape and the finite control is 
set in a designated initial state. At regular intervals the automaton reads one 
symbol from the input tape and then enters a new state that depends only on the 

t All four of them do, three of them outside this page. 
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Automata as Graphs

■ Nodes = states

■ Edges = transition function
■ an edge from state q to state q’ labeled by a ⇔ δ(q, a) = q’

■ > marks the start state

■ Double circles = final states
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The tabular representation of the transition function used in this example 
is not the clearest description of a machine. We generally use a more convenient 
graphical representation called the state diagram (Figure 2-2). The state 
diagram is a directed graph, with certain additional information incorporated 
into the picture. States are represented by nodes, and there is an arrow labeled 
with a from node q to q' whenever 8(q, a) = q'. Final states are indicated by 
double circles, and the initial state is shown by a >. Figure 2-2 shows the state 
diagram of the deterministic finite automaton of Example 2.1.1. 

Example 2.1.2: Let us design a deterministic finite automaton M that accepts 
the language L(M) = {w E {a, b}* : w does not contain three consecutive b's}. 
We let M = (K, s, F), where 

K = {qo, ql , q2, q3}, 
= {a,b}, 

s = qo, 
F = {qO,ql,q2}, 

and 8 is given by the following table. 

q 0' 8(q, 0') 

qo a qo 
qo b ql 
ql a qo 
ql b q2 
q2 a qo 
q2 b q3 
q3 a q3 
q3 b q3 

The state diagram is shown in Figure 2-3. To see that M does indeed accept 
the specified language, note that as long as three consecutive b's have not been 
read, M is in state qi (where i is 0, 1, or 2) immediately after reading a run of 
i consecutive b's that either began the input string or was preceded by an a. In 
particular, whenever an a is read and M is in state qo, ql, or q2, M returns to 



Automata as Graphs

■ M = ⟨K, Σ, δ, s, F⟩
■ K$= {q0, q1}
■ Σ$= {a, b}
■ s$= q0

■ F$= {q0}
■ δ(q0, a)$= q0 
■ δ(q0, b)$= q1

■ δ(q1, a)$= q0

■ δ(q0, b)$= q1
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and 8 is given by the following table. 
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The state diagram is shown in Figure 2-3. To see that M does indeed accept 
the specified language, note that as long as three consecutive b's have not been 
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i consecutive b's that either began the input string or was preceded by an a. In 
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Another Example (from J&M)
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An initial hypothesis might be that adjectives can have an optional prefix (un-), an
obligatory root (big, cool, etc.) and an optional suffix (-er, -est, or -ly). This might
suggest the the FSA in Fig. 3.5.

q0 q1 q2
un- adj-root

∋

q3

-er  -est  -ly

Figure 3.5 An FSA for a fragment of English adjective morphology: Antworth’s Pro-
posal #1.

Alas, while this FSA will recognize all the adjectives in the table above, it will also
recognize ungrammatical forms like unbig, unfast, oranger, or smally. We need to set
up classes of roots and specify their possible suffixes. Thus adj-root1 would include
adjectives that can occur with un- and -ly (clear, happy, and real) while adj-root2 will
include adjectives that can’t (big, small), and so on.

This gives an idea of the complexity to be expected from English derivation. As a
further example, we give in Figure 3.6 another fragment of an FSA for English nominal
and verbal derivational morphology, based on Sproat (1993), Bauer (1983), and Porter
(1980). This FSA models a number of derivational facts, such as the well known
generalization that any verb ending in -ize can be followed by the nominalizing suffix
-ation (Bauer, 1983; Sproat, 1993). Thus since there is a word fossilize, we can predict
the word fossilization by following states q0, q1, and q2. Similarly, adjectives ending
in -al or -able at q5 (equal, formal, realizable) can take the suffix -ity, or sometimes
the suffix -ness to state q6 (naturalness, casualness). We leave it as an exercise for the
reader (Exercise 3.1) to discover some of the individual exceptions to many of these
constraints, and also to give examples of some of the various noun and verb classes.

q0 q1 q2

nouni -ize/V
q3

-ation/N
q4

adj-al

q5
q6

-er/N-able/A

-ness/N

-ity/N
adj-al

q7
q8

q9verbj
-ive/A

adj-ous
-ly/Adv

-ness/N

q10 q11

-ly/Adv
-ful/A-ative/A

verbk

nounl

Figure 3.6 An FSA for another fragment of English derivational morphology.

We can now use these FSAs to solve the problem of morphological recognition;
that is, of determining whether an input string of letters makes up a legitimate English
word or not. We do this by taking the morphotactic FSAs, and plugging in each “sub-



More definitions

■ A configuration is a pair ⟨q, w⟩ ∈ K ⨉ Σ*
■ q$= the current state
■ w$= the unread part of the string being processed

■ Yields in one step
■ ⟨q, w⟩ ⊢M ⟨q’, w’⟩ 
■ iff w = aw’ for some a ∈ Σ, w’ ∈ Σ* and δ(q, a) = q’

■ Yields
■ ⊢*M is the reflexive, transitive closure of ⊢M

■ The language accepted by a DFA M = ⟨K, Σ, δ, s, F⟩
■ L(M) = { w | ⟨s, w⟩ ⊢*M ⟨q, ε⟩ for some q ∈ F }
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An Example

$⟨q0, ababa⟩$⊢M ⟨q1, baba⟩

$ ⊢M ⟨q2, aba⟩

$ ⊢M ⟨q3, ba⟩

$ ⊢M ⟨q2, a⟩

$ ⊢M ⟨q3, ε⟩

⇒ ababa ∈ L(M)
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Such nondeterministic devices are not meant as realistic models of com-
puters. They are simply a useful notational generalization of finite automata, 
as they can greatly simplify the description of these automata. Moreover, we 
shall see below that nondeterminism is an inessential feature of finite automata: 
every nondeterministic finite automaton is equivalent to a deterministic finite 
automaton. Thus we shall profit from the powerful notation of nondeterministic 
finite automata, always knowing that, if we must, we can always go back and 
redo everything in terms of the lower-level language of ordinary, down-to-earth 
determipistic automata. 

a 

b 

Figure 2-4 

To see that a nondeterministic finite automaton can be a much more con-
venient device to design than a deterministic finite automaton, consider the 
language L = (ab u aba) *, which is accepted by the deterministic finite automa-
ton illustrated in Figure 2-4. Even with the diagram, it takes a few moments to 
ascertain that a deterministic finite automaton is shown; one must check that 
there are exactly two arrows leaving each node, one labeled a and one labeled b. 
And some thought is needed to convince oneself that the language accepted by 
this fairly complex device is the simple language (ab U aba) *. One might hope to 
find a simpler deterministic finite automaton accepting L; unfortunately, it can 
be shown that no deterministic finite automaton with fewer than five states can 
accept this language (later in this chapter we develop methods for minimizing 
the number of states of deterministic finite automata). 

However, L is accepted by the simple nondeterministic device shown in 
Figure 2-5. When this device is in state ql and the input symbol is b, there 
are two possible next states, qo and q2. Thus Figure 2-5 does not represent a 
deterministic finite automaton. Nevertheless, there is a natural way to interpret 
the diagram as a device accepting L. A string is accepted if there is some way 
to get from the initial state (qo) to a final state (in this case, qo) while following 
arrows labeled with the symbols of the string. For example ab is accepted by 
going from qo to ql, to qo; aba is accepted by going from qo to ql to q2, to qo· 
Of course, the device might guess wrong and go from qo to ql to qo to ql on 



An Example

$ ⟨q0, abaa⟩$⊢M ⟨q1, baa⟩

$ ⊢M ⟨q2, ba⟩

$ ⊢M ⟨q3, a⟩

$ ⊢M ⟨q1, ε⟩

⇒ abaa ∉ L(M)
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To see that a nondeterministic finite automaton can be a much more con-
venient device to design than a deterministic finite automaton, consider the 
language L = (ab u aba) *, which is accepted by the deterministic finite automa-
ton illustrated in Figure 2-4. Even with the diagram, it takes a few moments to 
ascertain that a deterministic finite automaton is shown; one must check that 
there are exactly two arrows leaving each node, one labeled a and one labeled b. 
And some thought is needed to convince oneself that the language accepted by 
this fairly complex device is the simple language (ab U aba) *. One might hope to 
find a simpler deterministic finite automaton accepting L; unfortunately, it can 
be shown that no deterministic finite automaton with fewer than five states can 
accept this language (later in this chapter we develop methods for minimizing 
the number of states of deterministic finite automata). 

However, L is accepted by the simple nondeterministic device shown in 
Figure 2-5. When this device is in state ql and the input symbol is b, there 
are two possible next states, qo and q2. Thus Figure 2-5 does not represent a 
deterministic finite automaton. Nevertheless, there is a natural way to interpret 
the diagram as a device accepting L. A string is accepted if there is some way 
to get from the initial state (qo) to a final state (in this case, qo) while following 
arrows labeled with the symbols of the string. For example ab is accepted by 
going from qo to ql, to qo; aba is accepted by going from qo to ql to q2, to qo· 
Of course, the device might guess wrong and go from qo to ql to qo to ql on 

Exercise: L(M) = ?
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The tabular representation of the transition function used in this example 
is not the clearest description of a machine. We generally use a more convenient 
graphical representation called the state diagram (Figure 2-2). The state 
diagram is a directed graph, with certain additional information incorporated 
into the picture. States are represented by nodes, and there is an arrow labeled 
with a from node q to q' whenever 8(q, a) = q'. Final states are indicated by 
double circles, and the initial state is shown by a >. Figure 2-2 shows the state 
diagram of the deterministic finite automaton of Example 2.1.1. 

Example 2.1.2: Let us design a deterministic finite automaton M that accepts 
the language L(M) = {w E {a, b}* : w does not contain three consecutive b's}. 
We let M = (K, s, F), where 

K = {qo, ql , q2, q3}, 
= {a,b}, 

s = qo, 
F = {qO,ql,q2}, 

and 8 is given by the following table. 

q 0' 8(q, 0') 

qo a qo 
qo b ql 
ql a qo 
ql b q2 
q2 a qo 
q2 b q3 
q3 a q3 
q3 b q3 

The state diagram is shown in Figure 2-3. To see that M does indeed accept 
the specified language, note that as long as three consecutive b's have not been 
read, M is in state qi (where i is 0, 1, or 2) immediately after reading a run of 
i consecutive b's that either began the input string or was preceded by an a. In 
particular, whenever an a is read and M is in state qo, ql, or q2, M returns to 
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its initial state qo. States qo, ql, and q2 are all final, so any input string not 
containing three consecutive b's will be accepted. However, a run of three b's 
will drive M to state q3, which is not final, and M will then remain in this state 
regardless of the symbols in the rest of the input string. State q3 is said to be 
a dead state, and if M reaches state q3 it is said to be trapped, since no further 
input can enable it to escape from this state.O 

Figure 2-3 

Problems for Section 2.1 

2.1.1. Let M be a deterministic finite automaton. Under exactly what circum-
stances is e E L(M)? Prove your answer. 

2.1.2. Describe informally the languages accepted by the deterministic finite au-
tomata shown in the next page. 

2.1.3. Construct deterministic finite automata accepting each of the following lan-
guages. 
(a) {w E {a, b}* : each a in w is immediately preceded by a b}. 
(b) {w E {a,b}' : w has abab as a substring}. 
(c) {w E {a, b}' : w has neither aa nor bb as a substring}. 
(d) {w E {a,b}' : w has an odd number of a's and an even number of b's}. 
(e) {w E {a,b}' : w has both ab and ba as substrings}. 

2.1.4. A deterministic finite-state transducer is a device much like a deter-
ministic finite automaton, except that its purpose is not to accept strings or 
languages but to transform input strings into output strings. Informally, it 
starts in a designated initial state and moves from state to state, depending 
on the input, just as a deterministic finite automaton does. On each step, 
however, it emits (or writes onto an output tape) a string of zero or one or 
more symbols, depending on the current state and the input symbol. The 
state diagram for a deterministic finite-state transducer looks like that for a 
deterministic finite automaton, except that the label on an arrow looks like 



Recognition Algorithm

function RECOGNIZE(DFA M, STRING input) 
  index ← 0
  state ← start state of M
  while index < length(input) do
      state ← trans[state, input[index]]
      index ← index + 1
  end
  if state is a final state of M
  then return accept
  else return reject
end
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Nondeterministic Automata

■ Nondeterministic finite automata:
■ several symbols can be read at 

once, or none at all
■ several possible next states

12
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b 

Figure 2-5 

input aba, winding up in a nonfinal state; but this does not matter, since there 
is some way of getting from the initial to a final state with this input. On the 
other hand, the input abb is not accepted, since there is no way to get from qo 
back to qo while reading this string. 

Indeed, you will notice that from qo there is no state to be entered when the 
input is b. This is another feature of nondeterministic finite automata: just as 
from some states with some inputs there may be several possible next states, so 
with other combinations of states and input symbols there may be no possible 
moves. 

We also allow in the state diagram of a nondeterministic automaton arrows 
that are labeled by the empty string e. For example, the device of Figure 2-6 
accepts the same language L. From q2 this machine can return to qo either by 
reading an a or immediately, without consuming any input. 

Figure 2-6 

The devices illustrated in Figures 2-5 and 2-6 are instances of the following 
general type: 

Definition 2.2.1: A nondeterministic finite automaton is a quintuple M = 
s, F), where 

K is a finite set of states, 
is an alphabet, 
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The devices illustrated in Figures 2-5 and 2-6 are instances of the following 
general type: 

Definition 2.2.1: A nondeterministic finite automaton is a quintuple M = 
s, F), where 

K is a finite set of states, 
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Nondeterministic Automata

■ M = ⟨K, Σ, Δ, s, F⟩
■ K$ is a finite set of states
■ Σ $ is an input alphabet
■ Δ$ ⊆ K × Σ* × K is a finite transition relation
■ s$ ∈ K is the start state
■ F$ ⊆ K is the set of final (accepting) states

■ Transition relation Δ ⊆ K ⨉ Σ* ⨉ K
■ ⟨q, w, q’⟩ ∈ Δ = when the automaton is in state q and 

reads input w, it can go into state q’
■ Note: here we restrict ourself to NFA where |w| ≤ 1
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An Example

■ M = ⟨K, Σ, Δ, s, F⟩
■ K$= {q0, q1, q2}
■ Σ$= {a, b}
■ s$= q0

■ F$= {q0}
■ Δ$= {$⟨q0, a, q1⟩, ⟨q1, b, q2⟩, ⟨q2, a, q0⟩, ⟨q2, ε, q0⟩}

14
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The devices illustrated in Figures 2-5 and 2-6 are instances of the following 
general type: 

Definition 2.2.1: A nondeterministic finite automaton is a quintuple M = 
s, F), where 

K is a finite set of states, 
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Configurations

■ Configurations
■ are elements from K ⨉ Σ* (as before)

■ Yields in one step
■ ⟨q, w⟩ ⊢M ⟨q’, w’⟩
■ iff w = uw’ for some u, w ∈ Σ* and ⟨q, u, q’⟩ ∈ Δ

■ The language accepted by an NFA
■ L(M) = { w | ⟨s, w⟩ ⊢*M ⟨q, ε⟩ for some q ∈ F }
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An Example
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⟨q0, babba⟩$
$ ⊢M ⟨q0, abba⟩
$ ⊢M ⟨q0, bba⟩
$ ⊢M ⟨q0, ba⟩
$ ⊢M ⟨q1, a⟩
$ ⊢M ⟨q3, ε⟩

⟨q0, babba⟩$
$ ⊢M ⟨q1, abba⟩
$ ⊢M ⟨q3, bba⟩
$ ⊢M ⟨q4, ba⟩
$ ⊢M ⟨q4, a⟩
$ ⊢M ⟨q4, ε⟩

⟨q0, babba⟩$
$ ⊢M ⟨q0, abba⟩
$ ⊢M ⟨q0, bba⟩
$ ⊢M ⟨q1, ba⟩
$ ⊢M ⟨q2, a⟩
$ ⊢M ⟨q4, a⟩
$ ⊢M ⟨q4, ε⟩

2.2: Nondeterministic Finite Automata 

a,b 

b b 

a e 

b 

Figure 2-7 

the only transitions used are (qo,a,qo) and (qo,b,qo): 

(qo, bababab) f- M (qo, ababa b) 
f- M (qO, babab) 
f- M (qO, abab) 

f- M ( qo, e) 

67 

a,b 

The same input string may drive M from state qo to the final state q4, and 
indeed may do so in three different ways. One of these ways is the following. 

(qo, bababab) f- M (ql, ababab) 
f- M (q3, babab) 
f- M (q4, abab) 
f- M (q4, bab) 
f- M (q4, ab) 
f- M (q4, b) 
f- M (q4, e) 

Since a string is accepted by a nondeterministic finite automaton if and only if 
there is at least one sequence of moves leading to a final state, it follows that 
bababab E L(M).\t 

Example 2.2.2: Let be the alphabet = {al,"" an}, containing n symbols, 
where n > 2, and consider the following language: 

L = {w : there is a symbol ai E not appearing in w}. 



Recognition Algorithm

function RECOGNIZE(NFA M, STRING input) 
  agenda = list of configurations, initially containing only  
           the configuration (start state of M, input) 
  while agenda is not empty do
    conf ← POP(agenda)
    if conf is an accepting configuration then
      return accept
    else
      for all conf’ such that conf ⊢ conf’ do
        PUSH(agenda, conf’)
      end
  end
  return reject
end
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An Example
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conf agenda
– ⟨q0, babba⟩
⟨q0, babba⟩ ⟨q0, abba⟩, ⟨q1, abba⟩
⟨q0, abba⟩ ⟨q0, bba⟩, ⟨q1, abba⟩
⟨q0, bba⟩ ⟨q0, ba⟩, ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q0, ba⟩ ⟨q0, a⟩, ⟨q1, a⟩, ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q0, a⟩ ⟨q0, ε⟩, ⟨q1, a⟩, ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q0, ε⟩ ⟨q1, a⟩, ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q1, a⟩ ⟨q3, ε⟩, ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q3, ε⟩ ⟨q1, ba⟩, ⟨q1, abba⟩
⟨q1, ba⟩ ⟨q2, a⟩, ⟨q1, abba⟩
⟨q2, a⟩ ⟨q4, a⟩, ⟨q1, abba⟩
⟨q4, a⟩ ⟨q4, ε⟩, ⟨q1, abba⟩
⟨q4, ε⟩ ⟨q1, abba⟩
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Figure 2-7 

the only transitions used are (qo,a,qo) and (qo,b,qo): 

(qo, bababab) f- M (qo, ababa b) 
f- M (qO, babab) 
f- M (qO, abab) 

f- M ( qo, e) 
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The same input string may drive M from state qo to the final state q4, and 
indeed may do so in three different ways. One of these ways is the following. 

(qo, bababab) f- M (ql, ababab) 
f- M (q3, babab) 
f- M (q4, abab) 
f- M (q4, bab) 
f- M (q4, ab) 
f- M (q4, b) 
f- M (q4, e) 

Since a string is accepted by a nondeterministic finite automaton if and only if 
there is at least one sequence of moves leading to a final state, it follows that 
bababab E L(M).\t 

Example 2.2.2: Let be the alphabet = {al,"" an}, containing n symbols, 
where n > 2, and consider the following language: 

L = {w : there is a symbol ai E not appearing in w}. 



NFA = DFA (preliminary)

■ Theorem: for every NFA M = ⟨K, Σ, Δ, s, F⟩ there is an 
equivalent DFA M’ such that L(M) = L(M’)

■ Let us first consider the special case where for all 
elements ⟨q, w, q’⟩ ∈ Δ, w is a string of length 1

■ We construct the DFA M’ = ⟨K’, Σ, δ, s’, F’⟩ as follows:
■ K’$= 2K

■ s’$= {s}
■ δ(Q, a) = { k ∈ K | ⟨q, a, k⟩ ∈ Δ for some q ∈ Q }

■ for all Q ⊆ K, a ∈ Σ
■ F’$= { Q ⊆ K | Q ∩ F ≠ ∅ }

19

ε-Closure

■ ε-Closure
■ E(q) = { k | ⟨q, ε⟩ ⊢* ⟨k, ε⟩ }

■ Examples:
■ E(q0) = { q0, q1, q2, q3 }
■ E(q1) = { q1, q2, q3 }
■ E(q2) = { q2 }

■ Note:
■ For all q, q ∈ E(q)

20
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This algorithm is a specialization of our general algorithm for closure com-
putations (recall the last algorithm in Section 1.6) to the situation in hand. It 
is guaranteed to terminate after at most IKI iterations, because each execution 
of the while loop adds another state to E(q), and there are at most IKI states 
to be added. We shall see many instances of such closure algorithms later. 

e 

Figure 2-9 

Example 2.2.3: In the automaton of Figure 2-9, we have E(qo) = {qO, q1, q2, q3}, 
E(qt) = {q1,q2,q3}, and E(q2) = {q2}.O 

We are now ready to define formally the deterministic automaton M' 
(K',L.,8',s',F') that is equivalent to M. In particular, 

K' = 2K , 
s' = E(s), 

F' = {Q C K: Q n F f 0}, 

and for each Q C K and each symbol a E L., define 

8'(Q, a) = U{E(p) : p E K and (q, a,p) E for some q E Q}. 

That is, 8' (Q, a) is taken to be the set of all states of M to which M can go by 
reading input a (and possibly following several e transitions). For example, if 
Mis the automaton of Figure 2-9. then S' = {qo. qt. q2. q3}· Since the only transitions 
from q1 on input a are (q1,a,qo) and (q1,a,q4), it follows that 8'({qt},a) = 
E(qo) U E(q4) = {qO,q1,q2,q3,q4}. 

It remains to show that M' is deterministic and equivalent to M. The 
demonstration that M' is deterministic is straightforward: we just notice that 
8' is single-valued and well defined on all Q E K' and a E L., by the way it was 
constructed. (That 8' (Q, a) = 0 for some Q E K' and a E L. does not mean 8' is 
not well defined; 0 is a member of K'.) 



NFA = DFA

■ Theorem: for every NFA M = ⟨K, Σ, Δ, s, F⟩ there is an 
equivalent DFA M’ such that L(M) = L(M’)

■ We construct the DFA M’ = ⟨K’, Σ, δ’, s’, F’⟩ as follows:
■ K’ = 2K

■ s’ = E(s)
■ δ’(Q, a) = ∪{ E(k) ∈ K | ⟨q, a, k⟩ ∈ Δ for some q ∈ Q},

■ for all Q ⊆ K
■ F’ = { Q ⊆ K | Q ∩ F ≠ ∅ }
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NFA = DFA

■ Lemma: For any string w ∈ Σ* and any states p, q ∈ K’:
■ ⟨q, w⟩ ⊢*M ⟨p, ε⟩ iff ⟨E(q), w⟩ ⊢*M’ ⟨P, ε⟩ 

for some P containing p

■ Using this lemma, it is easy to show that L(M) = L(M’)
■ w ∈ L(M)
■ iff ⟨s, w⟩ ⊢*M ⟨f, ε⟩, for some f ∈ F
■ iff ⟨E(s), w⟩ ⊢*M’ ⟨Q, ε⟩, for some Q containing f
■ iff ⟨E(s), w⟩ ⊢*M’ ⟨Q, ε⟩, for some Q ∈ F’
■ iff w ∈ L(M’)

22



Subset construction algorithm

■ ε-closure( s )
returns the set of NFA states reachable from state s 
using ε-transitions

■ ε-closure( T )
returns the set of NFA states reachable from some s in T 
using ε-transition

■ move( T, a )
returns the set of NFA states to which there is transition 
for input a ∈ Σ from some state s ∈ T

23

Subset construction algorithm

function DFA(K, Σ, Δ, s, F) 
  K’ ← list that contains only ε-closure(s), unmarked
  while there is an unmarked state T in K’ do
    mark T
    for each symbol a ∈ Σ do
      U ← ε-closure(move(T, a))
      if U ∉ K’ then
        add U as an unmarked state to K’
      δ[T, a] ← U
    end
  end
  return <the corresponding DFA>
end
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Exercise 1

■ Apply (using pen and paper) the recognition algorithm  
on slide 16 for the nondeterministic automaton shown 
below to the input string “abaaba”

■ There is a problem with this algorithm. Which one? How 
can the algorithm be improved?
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(b) Repeat for the following strings and the nondeterministic finite automa-
ton on the right above: 

(i) e 
(ii) ab 

(iii) abab 
(iv) aba 
(v) abaa 

2.2.2. Write regular expressions for the languages accepted by the nondeterminis-
tic finite automata of Problem 2.2.1. 

2.2.3. Draw state diagrams for nondeterministic finite automata that accepts these 
languages. 
(a) (ab)*(ba)* U aa* 
(b) ((ab U aab)*a*)* 
(c) ((a*b*a*)*b)* 
(d) (ba U b)* U (bb U a)* 

2.2.4. Some authors define a nondeterministic finite automaton to be a quintuple 
S, F), where and F are as defined and S is a finite set 

of initial states, in the same way that F is a finite set of final states. The 
automaton may nondeterministically begin operating in any of these initial 
states. 
(a) Show that the language L C {al, ... , an} * consisting of all strings 

that are missing at least one symbol (recall Example 2.2.2) would be 
accepted by such an automaton with n states ql, ... , qn, all of which 
are both final and initial, and the transition relation = {(qi,aj,qi) : 
i -I- n· 

(b) Explain why this definition is not more general than ours in any signif-
icant way. 

2.2.5. By what sequences of steps, other than the one presented in Example 2.2.1, 
can the nondeterministic finite automaton of Figure 2-7 accept the input 
bababab? 

2.2.6. (a) Find a simple nondeterministic finite automaton accepting (ab U aab U 
aba)* . 
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This algorithm is a specialization of our general algorithm for closure com-
putations (recall the last algorithm in Section 1.6) to the situation in hand. It 
is guaranteed to terminate after at most IKI iterations, because each execution 
of the while loop adds another state to E(q), and there are at most IKI states 
to be added. We shall see many instances of such closure algorithms later. 
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Example 2.2.3: In the automaton of Figure 2-9, we have E(qo) = {qO, q1, q2, q3}, 
E(qt) = {q1,q2,q3}, and E(q2) = {q2}.O 

We are now ready to define formally the deterministic automaton M' 
(K',L.,8',s',F') that is equivalent to M. In particular, 

K' = 2K , 
s' = E(s), 

F' = {Q C K: Q n F f 0}, 

and for each Q C K and each symbol a E L., define 

8'(Q, a) = U{E(p) : p E K and (q, a,p) E for some q E Q}. 

That is, 8' (Q, a) is taken to be the set of all states of M to which M can go by 
reading input a (and possibly following several e transitions). For example, if 
Mis the automaton of Figure 2-9. then S' = {qo. qt. q2. q3}· Since the only transitions 
from q1 on input a are (q1,a,qo) and (q1,a,q4), it follows that 8'({qt},a) = 
E(qo) U E(q4) = {qO,q1,q2,q3,q4}. 

It remains to show that M' is deterministic and equivalent to M. The 
demonstration that M' is deterministic is straightforward: we just notice that 
8' is single-valued and well defined on all Q E K' and a E L., by the way it was 
constructed. (That 8' (Q, a) = 0 for some Q E K' and a E L. does not mean 8' is 
not well defined; 0 is a member of K'.) 
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Exercise 2

■ Construct a deterministic automaton for the 
nondeterministic automaton shown below, using the 
subset construction algorithm on slide 23.
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(b) Repeat for the following strings and the nondeterministic finite automa-
ton on the right above: 

(i) e 
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(iii) abab 
(iv) aba 
(v) abaa 
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tic finite automata of Problem 2.2.1. 

2.2.3. Draw state diagrams for nondeterministic finite automata that accepts these 
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(c) ((a*b*a*)*b)* 
(d) (ba U b)* U (bb U a)* 
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S, F), where and F are as defined and S is a finite set 

of initial states, in the same way that F is a finite set of final states. The 
automaton may nondeterministically begin operating in any of these initial 
states. 
(a) Show that the language L C {al, ... , an} * consisting of all strings 

that are missing at least one symbol (recall Example 2.2.2) would be 
accepted by such an automaton with n states ql, ... , qn, all of which 
are both final and initial, and the transition relation = {(qi,aj,qi) : 
i -I- n· 

(b) Explain why this definition is not more general than ours in any signif-
icant way. 

2.2.5. By what sequences of steps, other than the one presented in Example 2.2.1, 
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Exercise 3

■ Implement the recognition algorithm for NFA on slide 16.

■ Your submission should use the automaton shown below 
and the following inputs as test case.
■ ab ∈ L(M)
■ aba ∈ L(M)
■ abaab ∈ L(M)
■ abba ∉ L(M)
■ aabab ∉ L(M)
■ More test cases are 

welcome!
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(b) Repeat for the following strings and the nondeterministic finite automa-
ton on the right above: 

(i) e 
(ii) ab 

(iii) abab 
(iv) aba 
(v) abaa 

2.2.2. Write regular expressions for the languages accepted by the nondeterminis-
tic finite automata of Problem 2.2.1. 

2.2.3. Draw state diagrams for nondeterministic finite automata that accepts these 
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(a) (ab)*(ba)* U aa* 
(b) ((ab U aab)*a*)* 
(c) ((a*b*a*)*b)* 
(d) (ba U b)* U (bb U a)* 

2.2.4. Some authors define a nondeterministic finite automaton to be a quintuple 
S, F), where and F are as defined and S is a finite set 

of initial states, in the same way that F is a finite set of final states. The 
automaton may nondeterministically begin operating in any of these initial 
states. 
(a) Show that the language L C {al, ... , an} * consisting of all strings 

that are missing at least one symbol (recall Example 2.2.2) would be 
accepted by such an automaton with n states ql, ... , qn, all of which 
are both final and initial, and the transition relation = {(qi,aj,qi) : 
i -I- n· 

(b) Explain why this definition is not more general than ours in any signif-
icant way. 

2.2.5. By what sequences of steps, other than the one presented in Example 2.2.1, 
can the nondeterministic finite automaton of Figure 2-7 accept the input 
bababab? 

2.2.6. (a) Find a simple nondeterministic finite automaton accepting (ab U aab U 
aba)* . 
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This algorithm is a specialization of our general algorithm for closure com-
putations (recall the last algorithm in Section 1.6) to the situation in hand. It 
is guaranteed to terminate after at most IKI iterations, because each execution 
of the while loop adds another state to E(q), and there are at most IKI states 
to be added. We shall see many instances of such closure algorithms later. 
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Figure 2-9 

Example 2.2.3: In the automaton of Figure 2-9, we have E(qo) = {qO, q1, q2, q3}, 
E(qt) = {q1,q2,q3}, and E(q2) = {q2}.O 

We are now ready to define formally the deterministic automaton M' 
(K',L.,8',s',F') that is equivalent to M. In particular, 

K' = 2K , 
s' = E(s), 

F' = {Q C K: Q n F f 0}, 

and for each Q C K and each symbol a E L., define 

8'(Q, a) = U{E(p) : p E K and (q, a,p) E for some q E Q}. 

That is, 8' (Q, a) is taken to be the set of all states of M to which M can go by 
reading input a (and possibly following several e transitions). For example, if 
Mis the automaton of Figure 2-9. then S' = {qo. qt. q2. q3}· Since the only transitions 
from q1 on input a are (q1,a,qo) and (q1,a,q4), it follows that 8'({qt},a) = 
E(qo) U E(q4) = {qO,q1,q2,q3,q4}. 

It remains to show that M' is deterministic and equivalent to M. The 
demonstration that M' is deterministic is straightforward: we just notice that 
8' is single-valued and well defined on all Q E K' and a E L., by the way it was 
constructed. (That 8' (Q, a) = 0 for some Q E K' and a E L. does not mean 8' is 
not well defined; 0 is a member of K'.) 
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Exercise 4

■ Implement the subset construction algorithm on 
slide 23.

■ Your submission should use the automaton show below 
as a test case.
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(iii) aab 
(iv) e 

a 
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Exercises – Remarks

■ Submit the source code by email to me (stth@...)

■ The source code should contain a comment that tells 
how to run your code.
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