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1. Motivation

The feedback given by human tutors is strongly based on their evaluation of the correct-
ness of student’s contributions [7]. A typical approach to verification of contributions in
ITSs is model tracing, in which contributions are matched against a precomputed solu-
tion graph [1,3]. However verifying steps in mathematical theorem proving poses partic-
ular problems because there are possibly infinitely many acceptable proofs, steps may be
only partially ordered, and the student should be free to build any correct solution. Trac-
ing contributions against static solution graphs is therefore overly restrictive for exercises
in typically sized mathematical theories.

We propose a flexible domain-independent method of verifying proof steps of vary-
ing lengths on-the-fly for a mathematics tutoring system. Our approach can verify steps
in unforeseen proofs and incrementally builds a solution state for each possible inter-
pretation of underspecified or ambiguous steps. We utilise an existing mathematical rea-
soner YMEGA [8] and existing mathematical knowledge. Our approach to the verifica-
tion of proof steps is motivated by our corpus of Wizard-of-Oz tutorial dialogues be-
tween students and experienced mathematics teachers [4]. In a proof of the theorem
(RUS)oT = (RoT)U(SoT), the student’s first proof step “Let (x,y) € (RUS)oT”
consists of two definitions: set extensionality and subset. The tutor responds with “Cor-
rect!”. This shows the tutor must know the correctness of steps to apply pedagogical
strategies and that proof steps can contain applications of many mathematical definitions.

2. The QOMEGA Prover

The development of the proof assistant system (YMEGA is one of the major attempts
to build an all-encompassing assistance tool for the working mathematician or for the
formal work of a software engineer. It is a representative of systems in the paradigm of
proof planning and combines interactive and automated proof construction for domains
with rich and well-structured mathematical knowledge.
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In QMEGA, proofs are represented at the fasklayer, which is an instance of the proof
data structure (PDS) [2]. Each proof attempt is represented by an agenda, which main-
tains a set of subproblems to be solved to finish the proof of the overall conjecture. The
nodes of the PDS are annotated with zasks, which are Gentzen-style multi-conclusion se-
quents augmented by a means to define multiple foci of attention on subformulas. Proof
search is realised by reducing a task to a possibly empty set of subtasks by transformation
rules which can be applied to subformulas. The basic transformation rules are inferences,
representing the application of theorems, definitions, and axioms.

3. Representing and Updating the Student’s Cognitive Proof State

We now show how the (XJMEGA-prover can be used to represent possible cognitive states
the student might be in, and to judge about the correctness of a proof step of the student.

Representing the Possible Cognitive Proof States The PDS is used to simultaneously
represent all of the possible cognitive proof states the student might be in, where each
agenda corresponds to one possible cognitive proof state. In addition, the subproblem the
student is currently working on is marked. Given a problem and a theory, an initial PDS
is constructed, containing the problem the student has to solve. The initial mental state
is represented by the agenda containing the problem.

Updating the Cognitive Proof States Given a set of possible cognitive proof states and
a preprocessed utterance, we must determine all possible successor states which are con-
sistent with the utterance.For the sake of simplicity we only show how to determine the
successor states of a single cognitive proof state. Combining the result for each state
gives the complete set of successor states. If no agenda can provide a consistent successor
state then we conclude that the step is incorrect.

Given a classified utterance its successor agendas are determined in four steps: (i)
Performing a depth limited BFS search, resulting in a set of successor nodes, (ii) selecting
consistent successor nodes and creating partial agendas out of them, (iii) completing the
partial agendas, (iv) cleaning the PDS. The overall result is a confirmation of whether
the step could be verified, with the side-effect that the PDS has been updated to contain
exactly the possible cognitive proof states resulting from the performance of the step.

Step (i) The node representing the problem the student is
currently working on is expanded using a depth limited BFS
search. The depth limiter specifies how many calculus steps the
student is allowed to perform implicitly. Intuitively we can think ?/ \? ?/ \?
of this bound as reflecting the experience of the student, and A4 -1
should be based on a student model. This bound is needed to guarantee termination of
the verification algorithm, which might otherwise not terminate for a faulty step even if
we assume a complete calculus. The correspondence of student steps to calculus steps
may vary for each calculus. Tests show that 3 is a good choice for our domain.

In our example the initial agenda contains the task - (RUS)oT = (RoT)U(SoT).
The search tree is shown schematically on the right. To verify the student’s proof step the
node containing this task is expanded using the axioms from the theory, whereby each
task is successively reduced to a list of subtasks.



Step (ii) We suppose that for each class of proof step there is

a filter which chooses exactly those successor states consistent

with the student’s step. For example, a task is consistent with

respect to a step “letf” if it contains the (sub)formula f as an T/ \? ?/ \?
assumption, and the free variables of f have been introduced Ao ay
as new eigenvariables. To further restrict the consistent successor nodes only those with
minimal distance to the expansion node are stored.

In the example the filter returns exactly one consistent successor node at depth 2,
namely the node associated with the task (z,y) € (RUS)oT F (z,y) € (RoT)U(SoT).
Indeed, this task justifies the introduction of (x,y) € (RUS) o T'. A new partial agenda
is created in which the task is the new selected subgoal.

Step (iii) The agendas obtained from step (ii) can be partial,

i.e. not all subgoals that must be solved are in the agenda. Such

situations occur if the prover reduces a task to multiple sub-

tasks but the filter does not select a node from each branch. In ?/ \? ?/ \?
this case the user has not modified any of the missing subtasks. Ao e
Hence it is reasonable to extend the partial agenda by the tasks introduced by the reduc-
tion. In the example above we extend the agenda as shown on the right.

but are rejected by the filter. All those nodes are removed from the PDS. In
our example this results in the PDS as shown. The new cognitive state of the °
student could be uniquely identified and thus the proof step was correct. 2

Step (iv) Usually there will be many nodes which are generated by the search i

Conclusion and Related Work Using proof search to verify steps within the current
proof situation removes the need for precomputed solution graphs, and our approach is
thus more flexible than approaches which check contributions by matching them to a
precomputed solution graph [3,5,6,9]. It has been implemented in the 2MEGA system.
Future work will include investigating the filters which are applied to proof states and
verifying the goal-directedness of steps.
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