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Abstract

Natural language dialogue systems model
the state of the dialogue in order to be able
to react appropriately to a user’s utterances.
In addition to such a dialogue model, nat-
ural language tutorial dialogue systems de-
pend on having access to expert knowledge
about the state of the task the student is solv-
ing. This is especially important for com-
plex domains such as mathematical theorem
proving. In this paper we present a prelim-
inary model of dialogue context which in-
cludes an explicit model of the state of the
task at hand. The task model contributes in-
formation to the choice of tutor actions.

1 Motivation

Natural language dialogue systems which form the
interface to a computer application must be able to
call on domain dependent knowledge in order to
function as conversational agents (McTear, 2002).
In this situation the dialogue system provides a fron-
tend to a source of domain knowledge such as a
timetabling database (Aust et al., 1995; Eckert et
al., 1993). Interfacing with a timetabling database is
an example of an information-seeking dialogue, in
which the goal of the dialogue is to look up and de-
liver information from the database. In task-oriented
dialogue, however, delivering the information from
the domain-dependent backend is not the dialogue
goal, but rather this information supports and con-
tributes to achieving the task at hand (Rickel et al.,
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2000). This motivates the need for modelling the
state of the task at hand within the dialogue system
(Flycht-Eriksson, 1999; McTear, 2002).

For demanding tasks the source of domain knowl-
edge is an expert system which maintains both a task
and a domain model. However general purpose ex-
pert systems may model the task at a very detailed
level. A solution is to model the task in an abstract
way within the dialogue system, using information
from the expert system.

One dialogue genre which relies heavily on task
and domain modelling is tutorial dialogue. Devel-
opment is motivated by the effectiveness of natural
language in tutorial interactions (Moore, 1993). The
expert system is just one part of a large system which
also includes for example natural language analysis,
generation, and tutorial expertise. Tutorial dialogue
systems have been developed for a range of domains
including geometry (Aleven et al., 1999), physics
(Jordan et al., 2006; Litman and Silliman, 2004),
computer literacy (Graesser et al., 1999) and elec-
tronics (Zinn et al., 2002). An important common
characteristic of these systems is the use of a sep-
arate dedicated expert system to model the task at
hand. This in turn informs the choice of tutorial be-
haviour (Zhou et al., 1999), for instance about what
feedback should be given to the student.

In this paper we propose a preliminary model
of dialogue context which includes an explicit task
model for the domain of tutoring mathematics
proofs. The task model is abstracted from the task
model stored in an mathematical assistance system,
which plays the role of expert system. Mathematical
theorem proving is open ended, since there are typ-
ically many possibly unknown solutions to a given



problem. This means solutions or solution graphs
can not be preauthored and used as a scaffolding for
the interaction. From a corpus of student/tutor di-
alogues we find that there is a large range of pos-
sible student inputs and possible tutor reactions to
these in a given situation. To be able to generate
the types of tutor actions we observe in the cor-
pus in a context sensitive way we need not only a
representation of the dialogue (as an interaction be-
tween dialogue participants) but also a representa-
tion of certain aspects of the task at hand which are
necessary to produce pedagogically appropriate be-
haviour. Our model thus includes the subtask cur-
rently being solved, evaluation of latest student con-
tribution, and a record of the tutoring state.

The structure of the paper is as follows. Section 2
introduces the scenario of mathematics tutoring and
presents some linguistic data. In Section 3 we out-
line the modules we assume in the architecture. Sec-
tion 4 presents the proposed model of dialogue con-
text, including the abstracted task model. Section 5
shows a step-through of an example from the cor-
pus. We briefly outline the implementation status in
Section 6 and mention some related approaches in
Section 7 before concluding the paper.

2 Tutorial Dialogue on Mathematical
Proofs

Our research is motivated by results from the DI-
ALOG project (Benzmiiller et al., 2003), which has
the final goal of natural tutorial dialogue between a
student and a mathematical assistance system. The
student’s task is to build a proof of a mathematical
theorem. The student does this by conducting a di-
alogue with the tutor in which he/she performs ut-
terances which may contain proof steps. Each cor-
rect proof step extends the current partial proof. The
task is completed when the student has constructed
a complete proof of the theorem.

It is clearly necessary to call on separate mod-
ules which provide domain specific support to the
dialogue manager. Proof steps are analysed by a
domain reasoner which can give an evaluation of
the step with respect to the current partial proof at-
tempt. When the student is stuck or shows non-
understanding of domain concepts, pedagogical ex-
pertise is applied to generate domain-specific hints.

T1: Please show: If A C K(B), then B C
K(A)!

S1: ACB.

T2: That’s incorrect. You should consider the
if-then relation.

S2: ACK(K(A)).

T3: That’s correct, but not interesting right
now. Do you know what to do with an if-
then relation?

Figure 1: Excerpt from the corpus.

For this a tutorial module decides on pedagogical
strategies. A natural language processing module
performs an analysis of student utterances.

2.1 Some Linguistic Data

We base our analysis on a corpus of such tutorial dia-
logues (Wolska et al., 2004). We now show an exam-
ple (translated from German) from the corpus, given
in Figure (1). Here K refers to the complement oper-
ation on sets. In T1 the tutor sets the task of proving
the given theorem in the domain of naive set theory.
The student begins by asserting that A C B, which
does not hold. The tutor signals this, and addition-
ally gives a hint to the student to try to do something
with the if-then relation. The student responds in
S2 by ignoring the hint and stating A C K (K (A)),
which is correct but irrelevant to the current proof.
The tutor now decides to signal the irrelevance of
the previous step and to query the student’s knowl-
edge of the concept of if-then relation.

2.2 Requirements for the Model

The example shows that the actions of the tutor rely
on information about the state of the dialogue and
the state of the task itself. After utterance S1 the
tutor is obliged to respond to the student’s proof
step, and decides, based on the fact that the step was
evaluated as incorrect, to inform the student of this
fact. In order to additionally issue the hint the tutor
needs to know that the next (in this case first) step
in the proof involves the if-then relation. Both of
these pieces of information should be contained in a
model of the theorem proving task.

Utterance T3, with its reference to the domain
concept if-then relation, can only be generated if the



tutor has access to the fact that the previous hint also
addressed the if-then relation. For this reason the
model must also contain a representation of what tu-
torial actions have taken place and how they were
presented.

3 Elements of the Architecture

We now describe the modules and their interfaces
that we will assume are present in the architecture
we are developing, shown in Figure 2. The dialogue
manager maintains the dialogue context and enables
communication between modules for input/output,
language interpretation and generation, and domain
reasoning. It therefore has the overall control of sys-
tem execution. The user interface is a simple textual
input and output window in which the user can type
utterances and see the dialogue history.

3.1 Domain Reasoning

The domain reasoning component of the system is
made up of the (JMEGA mathematical assistance
system (Siekmann et al., 2006) and the proof man-
ager. {IMEGA uses proof planning to either interac-
tively or automatically build proofs of mathematical
theorems. Proofs are built within a theory of math-
ematics, which has a set of inferences which can be
applied in the proof planning process. The domain
reasoner has a twofold role in the tutoring system: It
must maintain and incrementally build up the state
of the proof that the student is building and it must
check the correctness and relevance of the student’s
proof steps with respect to this partial proof.

The proof manager acts as a wrapper controlling
the interaction between the dialogue manager and
the domain reasoner and has access to the proof rep-
resentation of {IMEGA. We consider the interface to
the proof manager to be defined by an API of func-
tions that the dialogue manager can call to get the
domain information it needs to enact tutorial strate-
gies. {2MEGA in turn provides an API to the proof
manager which includes for example verifying types
of proof steps and testing relevance. Given a proof
step, the proof manager can evaluate the correctness
of the step by checking if the domain reasoner can
verify it. (IMEGA verifies proof steps by doing a
depth-bounded BFS proof search and keeping ex-
actly those new proof states which are a model of

the student’s cognitive state (Dietrich and Buckley,
2007). Relevance of a proof step can be checked by
testing whether the step contributes to some success-
ful proof attempt.

A further responsibility of the proof manager is to
interface with the domain reasoner to supply the dia-
logue manager with possible next steps in the proof.
(IMEGA attempts to automatically find a proof of
the theorem starting from the current proof situa-
tion. From the representation of this completion of
the proof the proof manager can extract the “next
step” that the domain reasoner performed while find-
ing the proof. This next step is described by, for in-
stance, the inference rule that was applied and the
formula it was applied to.

3.2 Dialogue Management

The dialogue manager has the role of maintain-
ing the system’s dialogue context. It continuously
updates the dialogue context to reflect the current
state of the interaction between student and tutor.
The dialogue context provides the basis for decid-
ing on system action. The dialogue manager there-
fore contains general conversational expertise as
well as knowledge about appropriate pedagogical
behaviour.

However it is not enough to just have informa-
tion about the dialogue. The dialogue manager also
needs to have contextual information about the task
at hand in order to produce tutorial behaviour such
as that shown in Figure 1. Information such as the
correctness of the previous step or suggested next
steps in the proof are necessary to instantiate the re-
spective tutorial strategies. For these reasons the di-
alogue manager must store a dialogue context which
includes both dialogue level and task level informa-
tion. For instance, the dialogue manager can reveal
a subset of the content of the suggested next step by
pointing to the concept addressed, formula rewrit-
ten, or inference applied in the step, or some combi-
nation of these.

3.3 Analysis of Student’s Utterances

For this model we abstract away from the surface
form of utterances by assuming that the dialogue
manager receives the set of dialogue moves that rep-
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Figure 2: Architecture of the tutorial system.

resents the function of the utterance' (see below).
In the case that the utterance was a contribution to
solving the theorem proving task we have in addition
the well-formed formula that the student intended to
utter and the type of proof step that the student in-
tended.

The corpus shows that proof steps are embedded
in utterances which carry information about the type
of the proof step which is important for its verifi-
cation, such as the phrase “Thus it holds that” or
“Hence”. The types of proof step we consider are
forward reasoning steps, which deduce new facts,
backward reasoning steps, which reduce goals to
subgoals, and “let” steps, which introduce new lo-
cal variables.

4 Integrating the Task Model

We now present the model by way of the example
instantiation shown in Figure 3. It shows the state
of the dialogue excerpt in example (1) after utter-
ance T1 has been performed. The content of the dia-
logue context is split into two parts. The representa-
tion of the task is stored in TASKCONTEXT, which is
domain-dependent and has been defined here for the
task of tutoring mathematical proofs. We store the
theorem which is to be shown (TASK) and the cur-
rent status of the proof (TASKSTATUS), for instance
whether it is initialised, partially proved or solved.
Since theorem proving is an inherently hierarchical
activity, the tutor must have a representation of the
subtasks that the student is tackling or will tackle in
the future (Rickel et al., 2001). SUBTASKSTATUS is
a stack of subgoals that have been introduced but not

"We refer to (Horacek and Wolska, 2005) for some ap-
proaches to the analysis of natural language contributions in a
tutorial setting.

yet completed.

The mathematical content of the latest student ut-
terance (LASTPROOFSTEP) is represented by the for-
mula(s) which were used in the step and the type
of the step. These two fields are filled with the re-
sults of the natural language analysis of the student’s
utterance. As we described above, the domain rea-
soning component of the system performs an anal-
ysis of the proof content of each student utterance.
We represent the results of this analysis in EVAL-
UATION. We maintain a history of proof steps in
PROOFSTEPHISTORY.

Information relevant to the tutoring state of the
system is stored in the field TUTORING. The sys-
tem stores information about its previous pedagog-
ical behaviour, since this forms the context for fu-
ture tutor actions. For instance, the system records
the number wrong answers given so far by the stu-
dent so that it can react to student frustration. The
number of hints is also recorded. One of the links
between task and dialogue information is stored in
HINTHISTORY; it contains the IDs of the utterances
in which hints were given, and thereby makes the
type of hints performed available.

The actual dialogue model is stored in DMODEL.
We use a very simple model of dialogue which only
records the last utterance (LU), a history of utter-
ances performed by both tutor and student (HIS-
TORY), and a stack of dialogue moves that the sys-
tem intends to perform (AGENDA). The last ut-
terance is described by the utterance itself as a
string (UTTERANCE), the speaker who performed it
(SPEAKER) and the set of dialogue moves that repre-
sents the utterance’s function (MOVES). The link be-
tween task information and dialogue information in
the dialogue context is captured in the PROOFSTEP



Figure 3: The

slot, which stores the ID of the proof step which was
performed in the utterance in question. This infor-
mation is provided by the graphical user interface
and the natural language understanding module.

4.1 Dialogue Moves

A small set of high-level dialogue moves is enough
to describe simple interactions in the mathemati-
cal tutoring domain, and are presented in Table 1.
Students can perform domaincontribution to

Dialogue Move Function

domaincontribution | performs a proof step
requestassistance requests assistance from tutor
signalcorrect signals correctness of proof step
signalincorrect signals incorrectness of proof step
signalirrelevant signals irrelevance of a proof step
giveawaynextstep reveals (part of) next step in proof

Table 1: Set of dialogue moves.

make a contribution to the solution being con-
structed, and requestassistance to make a di-
rect request for tutorial help from the tutor. The tu-
tor can signal the correctness, incorrectness or irrel-

[TASK ACK(B)= BC K(A)
TASKSTATUS initialised
SUBTASKSTATUS <A CK(B)= BC K(A)>
1D PS1 ]
CONTENT ACB
STEPTYPE forward
LASTPROOFSTEP INFSUSED 1]
TASKCONTEXT CORRECTNESS incorrect
EVALUATION
RELEVANCE -
NEXTSTEPS let AC K(B)
ps- -
PROOFSTEPHISTORY ( S1 )
[#HINTSSOFAR 0
TUTORING HINTHISTORY §)
#WRONGANSWERS 0
[ D Sl i
SPEAKER student
LU UTTERANCE ‘A C B’
DMODEL MOVES {DOMAINCONTRIBUTION}
) PROOFSTEP PS1
u
HISTORY ( T1 )
| AGENDA  {} |

dialogue context.

evance of the proof step a student has offered, or
give away the next step in the solution. The tu-
tor moves can be combined to make a larger turn,
such as T2 in example (1), which realises both
signalincorrectand giveawaynextstep.
The tutor moves are taken from a taxonomy of di-
alogue moves (Fiedler and Tsovaltzi, 2003) tailored
to hinting in tutorial applications, which extends the
DAMSL taxonomy (Allen and Core, 1997).

4.2 Updating the Task and Dialogue State

The model is updated as a result of utterances per-
formed by either the tutor or the student. Here we
give an example of an update rule which illustrates
that we need both task and dialogue information.

rule( evaluateDomCon,

[ $/dmodel/lu/speaker = student,
in($/dmodel/lu/moves, domcon),
$/taskcontext/lps/steptype = Type,
$/taskcontext/lps/content = Formulas,
proofmanager_interface(extendproofstep,

[Type,Formulas,Evaluation])
1y

[ set(/taskcontext/lps/evaluation,

Evaluation)])



Update rules are made up of preconditions which
constrain the values in the information state and ef-
fects that are carried out when the rule fires. This
update rule accesses the proof manager in order to
get the evaluation of the student’s proof step. It fires
in the case that the last utterance was performed by
the student and it was a domain contribution. In or-
der to pass the correct information to the proof man-
ager, the rule also needs the type and the content of
the proof step. The final constraint is the actual in-
terface to the proof manager. The single effect of the
rule is to add the evaluation to the representation of
the proof step. This rule shows how dialogue and
task information can combine to trigger an informa-
tion state transition.

5 Updating the Dialogue Context for a
Fragment of Dialogue

The dialogue context shown in Figure 3 is the state
of the dialogue in Figure 1 after utterance S1 and
after the execution of the update rule shown in sec-
tion 4.2. It shows that the last proof step PS1
was evaluated as incorrect by the domain reasoner.
Therefore there is no relevance rating given. The
domain reasoner has however provided a suggestion
for a possible next step in the proof. The values
of the tutoring-relevant slots are still at their initial
values. We now show how the dialogue context is
updated to reflect the progression of the rest of the
dialogue fragment.

The utterance T2 is selected based on a combina-
tion of the dialogue move the student performed, the
evaluation of the proof step which was uttered, and
the next step suggested by the proof manager. The
domaincontribution by the student in S1 obliges the
tutor to address the correctness (or otherwise) of a
step. Since the step was incorrect, the tutor must
perform the dialogue move signalincorrect. Tutorial
strategy dictates that a further hint should be pro-
vided. This can be triggered for instance by a student
model. In addition to the signalincorrect the tutor
performs a giveawaynextstep. The fact that the hint
count is 0 leads the tutor to give away as little infor-
mation as possible; only the domain concept which
should be eliminated is given. These rules result
in the agenda {signalincorrect, giveawaynextstep},
which is verbalised as utterance T2.

The student now makes a second attempt at start-
ing the proof in S2, which is judged to be irrelevant.
The evaluation of the step is integrated into the di-
alogue context as described above, and the LAST-
PROOFSTEP information becomes

1D PsS2
CONTENT ACK(K(A))
STEPTYPE forward
INFSUSED ]
CORRECTNESS correct
EVALUATION ,
RELEVANCE irrelevant
NEXTSTEPS let AC K(B)

ps
which is again a domain contribution. Due to the
performance of the tutorial moves by the tutor in the
utterance before, the TUTORING section of the dia-
logue context is now

#HINTSSOFAR 1
HINTHISTORY (T2)
#WRONGANSWERS 2

Again a domain contribution was performed, and
the tutor should give an evaluation. However in ad-
dition to the correctness of the step the tutor consid-
ers its irrelevance to the current proof attempt. These
constraints lead to the tutor choosing the dialogue
moves signalcorrect along with signalirrelevant. The
dialogue context also contains the information that
two wrong answers have been offered by the stu-
dent in a row (#WRONGANSWERS). Because of this
the tutorial strategy decides to perform another give-
awaynextstep move, but this time not revealing in-
formation about the step, but rather querying the stu-
dent’s grasp of the domain knowledge necessary to
perform the step. This decision is based on a com-
bination of dialogue information, tutoring informa-
tion, and information about the state of the task and
the student’s previous performance in relation to the
task, and results in the agenda {signalincorrect, sig-
nalirrelevant, giveawaynextstep}.

The final dialogue context after the fragment
above contains the tutoring information

#HINTSSOFAR 2
HINTHISTORY (T3,12)
#WRONGANSWERS 2

along with the utterance history < T3, S2, T2, S1,
T1 > and the proof step history < S2, S1 >.



6 Development Status

We are currently building a prototype of the tuto-
rial dialogue manager using TrindiKit (Larsson and
Traum, 2000). TrindiKit is a dialogue move engine
based on the information state update approach. It
provides a platform in which different theories of
dialogue can be formalised and tested, and supports
the integration of modules with the dialogue man-
ager.

A dialogue system built in TrindiKit is charac-
terised by an information state, which is a central
storage area in which the dialogue context is rep-
resented. Conversational expertise is encoded in a
set of update rules, which define possible transitions
between information states. They fire based on the
performance of dialogue moves by the dialogue par-
ticipants and based on their constraints on the cur-
rent information state. The model is implemented
as a typed feature structure in TrindiKit’s informa-
tion state. Implementation of tutorial strategies in
the form of update rules is ongoing.

7 Related Work

Our model is similar to other tutorial dialogue sys-
tems for mathematics (Aleven et al., 1999; Call-
away et al., 2006; Zinn et al., 2002) in that it uses
a dedicated domain reasoner, but differs in that we
maintain an explicit task model with the dialogue
manager. This is also the case for tutorial dialogue
systems for other formal tutoring domains such as
physics (Litman and Silliman, 2004). In a more gen-
eral dialogue setting, the MALIN system incorpo-
rates domain knowledge into a timetable informa-
tion system by including a domain knowledge man-
ager with which the dialogue manager interfaces
(Flycht-Eriksson and Jonsson, 2000).

8 Conclusion and Future Work

The work presented here shows that augmenting a
simple dialogue model with task-specific informa-
tion makes it possible to account for some of the
tutor behaviour found in a corpus of student/tutor
dialogues. This extension was enabled by the use
of the information state update approach to dialogue
management, which allowed us easily integrate task
information which is supplied to the dialogue man-
ager by different system modules.

The proposed extension to a simple dialogue con-
text raises a number of possibilities for future work.
We will continue to investigate the integration of
task information with a more sophisticated dia-
logue model, such as one of those which have been
formalised within the information state update ap-
proach (Poesio and Traum, 1997; Matheson et al.,
2000). This could allow us to support more gen-
eral dialogue phenomena while being able to retain
pedagogical expertise. A further goal is to abstract
away from representations which are specific to the
theorem proving task. We will attempt to adapt our
account of dialogue context to the general case of
tutorial dialogue. A related issue will be the gener-
alisation of the interface to the task-specific domain
reasoner. We further intend to evaluate the model
experimentally when enough tutorial expertise has
been encoded.
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