Interpretation (terms)

m Interpretation of terms with respect to a model
structure M and a variable assignment g:
Vm(a) if ais an individual constant

m [o]Me = {

g(a) ifais a variable
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Interpretation (atomic formulas)

m Interpretation of (atomic) formulas with respect to
a model structure M and variable assignment g:

[R(ty, ..., tn)I™9 = 1 iff ([t1]™9, ..., [tn]™9) € VM(R)
[t1 = 29 = 1 iff [ta]M9 = [t2]M9
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Is Vincent a rabbit?

m [rabbit(vincent)[M9 =1 M = (Um, Vm)
m ff [vincent]™9 € Vwm(rabbit) Uv ={ry,r,hy,h2}
m iff Vm(vincent) € Vu(rabbit) Vu(vincent) = r;
Vm(mia) =2
Vm(rabbit) = {r, r2 }
Vm(white) = {r2 }
Vm(hat) = { hy, h2 }
Vu(in) = { (ry, h1) }
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Interpretation (connectives)

m Connectives are truth-functional: the truth-value of
a complex expession is determined by the truth-values
of their subformulas.

[-oIM9 =1 iff [eIM9=0
[[(p A lIJ]]M'g =1 iff [[(p]]M,g =1 and [[lp]]M,g =1

[[(p \ Ll»']]M'g =1 iff [[(p]]M,g =1 or [[lp]]M,g =1
[[(P d LIJ]]M’Q =1 iff [[(p]]M,g =0 or [[lIJ]]M'g =1
[¢ & wI"9 =1 iff []"9 = [g]M9
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Truth-functional connectives

m A connective is truth-functional iff the truth value of
any compound statement obtained by applying that
connective is a function of the individual truth values of
the constituent statements that form the compound.

m Truth-functional connectives:
substituting sub-expressions with the same truth-value
does not change the truth of the complete expression.
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Truth-functional connectives

(1) John bumped his head and he [John] is crying

(2) John bumped his head and it is raining

(3) John is crying

(4) It is raining

m Assume that (3) and (4) have the same truth-value.
m Then (1) and (2) must have the same truth-value

® and is a truth-functional connective
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Truth-functional connectives

1) John is crying because he [John] bumped his head

3
4) It is raining

(1)
(2) John is crying because it is raining
(3) John bumped his head

(4)

m Assume that (3) and (4) have the same truth-value.
® (1) and (2) can have different same truth-values=
m = because is not truth-functional
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Is Vincent a white rabbit?

m [rabbit(vincent) A white(vincent)]M9 =1
m iff [rabbit(vincent)]M-9 = 1
and [white(vincent)]M9 = 1

m iff Vm(vincent) € Vm(rabbit)
and Vm(vincent) € Vu(white)

M = (Um, V)
Uu = {ry,rzhy h2}
Vm(vincent) = n
Vm(mia) =r2
Vwu(rabbit) = {r;, rn }
Vm(white) = {r2 }
Vm(hat) = { hy, h2 }
Vum(in) = { (r1, h1) }
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Interpretation (quantifiers)

= We want:
m [VxA(x)]M9 = 1 iff for every d € Um, d € [A]M9
m [IxA(x)IM9 = 1 iff there is a d € Um such that d € [A]M9
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Interpretation (quantifiers)

m Interpretation of formulas with respect to a model
structure M and variable assignment g:

m [Ixe]"9 = 1 iff there is a d € Um such that []Malx/dl = 1
m [Vx@IM9 = 1 iff for all d € U, [@Molxdl=1

m g[x/d] is the variable assignment which is identical to g
except that it assigns the individual d to variable x.
d ifx=y
m g[x/d](y) = .
glx/dly) = aly) ifx =y
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Variable assignments

d ifx=y
glx/d1(y) = { .
alx/dl(y) = gly) ifx =y

X y z u

g a b C d

glx/a] a b c d
gly/al a a C d
gly/g(z)] a c c d
gly/allu/al  a a C a
gly/ally/b]l a b c d
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Predicate Logic: Semantics

m Interpretation of formulas with respect to a model
structure M and variable assignment g:

[R(t1, ..., ta)IM9 = 1 iff ([t1]M9, ..., [ta]™9) € Vm(R)

[t1 = t2]M9 = 1 iff [t1]M9 = [t]™9
[-@I™e =1 iff [e]M9 = 0

[o A wIMo =1 iff []M9 =1 and [y]"9 =1

[o v gI"o =1 iff [p]"9 =1 or [y]Ms =1

[o —» yI"9 = 1 iff [9]"9 =0 or [y]"o=1

[o & gI™o = 1 iff [o]™9 = [y]™o
[IxeIM9e = 1 iff there is a d € Unm such that [@]Melx/dl = 1
[Vx@IMe = 1 iff for all d € Um, [@IMelx/dl = 1
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Every rabbit is in a hat

m [Vx(rabbit(x) - Jy(hat(y) A in(x, y))IM9=1

m iff ... [= whiteboard]

M = (Um, Vm)
Uv ={r,rzh1h2}
Vm(vincent) = n
Vm(mia) =r2
Vwm(rabbit) = {r, 2 }
Vm(white) = {r2 }
Vm(hat) = { hy, h2 }
Vm(in) = { (r1, h1) }
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Not every rabbit is white
m [—Vx(rabbit(x) » white(x))]M-9 =1
m ff ... [= whiteboard]
M = (Um, Vm)
Uvu ={r,rzhih2}
Vm(vincent) = n
Vm(mia) =
Vm(rabbit) = {ri, r2 }
Vm(white) = {2 }
Vm(hat) = { h1, h2 }
Vm(in) = { (r1, h1) }
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More Examples

B [3Ix(Vx A(X) A B(x))I™-9 = 1 iff ...

m [Vx A(x) A B(x)]™9 = 1 iff ..

m [3Ix Vy L(x, y)]M9 = 1iff ...
m [Vy 3Ix L(x, y)]M9 = 1iff ...
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